NONCOMMUTATIVE INTERPOLATION 
AND POISSON TRANSFORMS 



Alvaro Arias and Gelu Popescu 



Abstract. General results of interpolation (eg. Nevanlinna-Pick) by elements in the 
noncommutative analytic Toeplitz algebra F°° (resp. noncommutative disc algebra 
An) with consequences to the interpolation by bounded operator- valued analytic 
functions in the unit ball of C" are obtained. 

Non-commutative Poisson transforms are used to provide new von Neumann type 
inequalities. Completely isometric representations of the quotient algebra F°°/J on 
Hilbert spaces, where J is any «j*-closed, 2-sided ideal of F°°, are obtained and used 
to construct a to*-continuous, _F°° / J-functional calculus associated to row contrac- 
tions T = pi, ... ,T n ] when /(T x ,. . . ,T„) = for any / G J. Other properties of 
the dual algebra F°° / J are considered. 



In [Po5], the second author proved the following version of von Neumann's in- 
equality for row contractions: if T%, . . . ,T n G B(TC) (the algebra of all bounded 
linear operators on the Hilbert space TL) and T — [Ti, . . . , T n ] is a contraction, i.e., 
J2"=i TiT* < In, then for every polynomial p(Xi, . . . , X n ) on n noncommuting 
indeterminates , 

(!) \\p( T 1, ■ ■ ■ > T n)\\ B(H) < \\P(S1, ■ ■ -,S n )\\ B ^y 

where Si, . . . , S n are the left creation operators on the full Fock space 
T 2 = J- 2 (Tin) (we refer to Section 1 for notation and background material). 

As in [Po5] , the noncommutative disc algebra A n is the norm closed subalgebra 
in i?(^ r2 ) generated by S\, . . . , S n and the identity, and the Hardy (noncommuta- 
tive analytic Toeplitz) algebra F°° is the WOT-closed algebra generated by A n in 
B{T 2 ). 

It was proved in [Po8] that if T = [T±, . . . , T n ] is a contraction, then the map 

0> T : C* (S u . . . , S n ) ^ B{H); ^(^ • • ■ S lk S* t ■ ■ ■ S?) = T ix ■ ■ -T^ ■ ■ ■ T* , 

1 < ii, .. . ,ik, ji, . . . ,j p < n, is a completely contractive linear map, and $t|.a„ is 
a homomorphism. An elementary proof of this as well as an extension to a more 
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general setting was obtained in [Po9] , by the second author, using noncommutative 
Poisson transforms on C*-algcbras generated by isometries (we refer to Section 3 
for a sketch of the proof). 

Let J be a closed, 2-sided ideal of A n with J C Ker $t and let Afj be the 
orthogonal of the image of J in T 2 . For each i — 1, . . . ,n, let Bi := Pj^jSi\j\fj. 
Using noncommutative Poisson transforms [Po9], we will prove in Section 3 that, 
for a large class of row contractions T — [Ti, . . . , T n ] (including Co-contractions), 
there is a unital, completely contractive, linear map <& : C*(B\, . . . , B n ) — » B(H) 
such that 

<S>(B h ■ ■ ■ /;,. //; : • • • /r , '/, ••• T lk T* x ■ ■ ■ T* p , 

1 < h, ■ ■ ■ ,ik,h, ■■■,j P <n. 

The noncommutative dilation theory for n-tuplcs of operators [Fr], [Bu], [Pol], 
[Po2] was used in [Po6] to obtain an F°°-functional calculus associated to any 
completely non-coisometric contraction (in short c.n.c.) T = [T\, . . . ,T n ]. More 
precisely, it was shown that the map '■ F°° — ► B(H) defined by 

*r(/) = f(Ti, . . . , T n ) := SOT- lim f(rT u rT n ) 

r— >1 

is a WOT-continuous and completely contractive homomorphism. We will show 
that if J is a WOT-closed, 2-sided ideal of F°° with J C Ker* T , then the map 

p(B\, . .. , B n ) >-> p(T\, . . . , T n ) 

can be extended to a WOT-continuous, completely contractive homomorphism from 
W(Bi, . . . , B n ), the WOT-closed algebra generated by the compressions 
Bi := PNjSiWj, i = 1,. .-,n, to B(H). 

Let us recall that F°° has Ai(l) property (see [DPI]), therefore the w* and WOT 
topologies coincide on F°° . An important step in proving the above-mentioned 
results is an extention of Sarason's result [S] to F°° . More precisely, we will show 
that if J is a WOT-closed, 2-sided ideal of F°° , then the map 

* : F°°/J -> B(Afj), *(f + J) = P*JWj 
is a w*-continuous, completely isometric representation. In particular, for every 

dist(/, j) = \\pn,jwa\. 

We present in this paper two proofs of this result: one is based on the noncom- 
mutative commutant lifting theorem [Po3] (sec [SzF] and [FFr] for the classical case) 
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and the characterization of the commutant of S\ , . . . , S n from [Po7] , and the other 
is based on noncommutative Poisson transforms [Po9] and representations of quo- 
tient algebras. This is a key result which leads to the noncommutative interpolation 
theorems of Carathcodory (obtained previously in [Po7]) and of Nevanlinna-Pick 
in the noncommutative analytic Toeplitz algebra F 00 . Let us mentioned just one 
consequence of our results to the interpolation by bounded analytic functions in 
the unit ball of C™. We will show that if Ai, . . . A& are k distinct points in B„, the 
open unit ball of C™, W\, . . . , Wk G B(JC) (JC is a Hilbert space), and the operator 
matrix 

- I K -W 3 Wf 

is positive definite, then there is an operator-valued analytic function 
F :M n —> B(K) such that 

sup \\F{Q\\ < 1 and F{X i ) = W j 

for any j = 1, . . . , k. 

In fact, we obtain more general results of interpolation by elements in F 00 (resp. 
A n ) with consequences to the interpolation by bounded analytic functions in the 
unit ball of C". 



1. Notation and preliminary results 

Unless explicitly stated, n stands for a cardinal number between 1 < n < Ho- 
Let 7i n be an n-dimensional Hilbert space with orthonormal basis e±, ei, . . . , e n . 
We consider the Full Fock space [E] of TL n 

k>0 

where H®° = CI and H® k is the (Hilbert) tensor product of k copies of H n - We 
shall denote by V the set of all p G ^(Hn) of the form 

p = a + ^2 a ix ...i k ei x <g> e i2 <2) ■ ■ ■ ® e ik , m E N, 

l<H,...,i k <n 
l<k<m 

where ao, a^...^ G C. The set V may be viewed as the algebra of the polynomials 
in n noncommuting indeterminates, with p®q, p, q G V, as multiplication. For any 
bounded operators Ti, . . . ,T n on a Hilbert space H, define 



p(T lt . . . ,T„) := a In +'Y]ai 1 -i k Ti 1 Ti 2 ■■■Ti 
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Let F+ be the unital free semigroup on n generators gi, ■ ■ . ,g n and the identity 
e. For each a G F+, define 

f e ix <S> e i2 <g> • • • <g> e ik , if a = ■ • • g ik , 
^ 1, if a = e. 

It is easy to see that {e a : a G F+} is an orthonormal basis of T 2 . We also use F+ 
to denote arbitrary products of operators. If 7\, . . . , T n G B(H), define 

_ f T 41 T 42 • • -T ik , if a = g h g i2 ■ ■ ■ g ik , 
\ I H , if a = e. 

The length of a G F+ is defined by |a| = fc, if a = g^g^ ■ ■ ■ g% k , and \a\ = 0, if 
a = e. For each i — 1, . . . , n, the left creation operator 

S l : T 2 -> T 2 is defined by S l ip = e t <8> -0, ^ G ^" 2 - 

It is easy to see that S\,...,S n are isometries with orthogonal ranges. As in [Po5], 
A n is the norm closure of the algebra generated by Si , . . . , S n and Ijr-2 , and F°° is 
the weak operator topology closure of A n ■ Alternatively, we let T°° be the set of 
those ip G T 2 such that 

Mvlloo := sup{||^ ® vh -P^V, \\p\\ 2 < 1} < 00. 

For ip G J 700 , define ip(Si, . . . , S n ) : T 2 — > J" 2 by ^(Si, . . . , S , „)-0 = V®^- The norm 
Hvlloo coincides with the operator norm of ^(5i, . . . , S n ). It will be useful later to 
view ip G J 700 as being an element in F°° and conversely. With this identification, 
A n is the closure of V in the || • ||oo-norm. 

We need to recall from [Po7] the characterization of the commutant of Si, . . . , S n . 
Define the flipping operator U : T 2 — > T 2 by 

U{e il ® e i2 ® • • • (81 e ik ) = e ik ® ■ ■ ■ ® e i2 ® e^, 

and let ^ := f/<^. It is easy to see that U is a unitary operator, which satisfies 
U(ip®ip) — ip®<p, and U 2 = I. An operator A G B(T 2 ) commutes with Si, . . . ,S n 
if and only if there exists G T°° such that Ah = h <8> 4 '■> h G T 2 . Notice that 
A = U*<P(Si,...,S n )U. 

In [Po2], the second author defined ip G T°° to be inner if <p(Si, . . . , S n ) is an 
isometry, and outer if <p(Si, . . . , S n ) has dense range. A complete description of the 
invariant subspace structure of J 700 was obtained in [Po2] (even in a more general 
setting), using a noncommutative version of the Wold decomposition (see [Pol]). 
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A family of inner operators {<pt : i G 1} is called orthogonal, if whenever i ^ j, 
T 2 (g> (pi is orthogonal to T 2 ® <pj ; or cquivalcntly, <pi ® T 2 is orthogonal to tpj (g> T 2 . 
It follows from [Po2; Theorem 2.2] that a subspace Ai of T 2 is invariant under 
Si, . . . ,S n if and only if Ai = ® ie/ F 2 <£> Pi, for some family of orthogonal inner 
operators. 

The second author obtained in [Po4] an inner-outer factorization which implies 
that any r\ G J-°° can be factored as r\ = ip ® tp, where ip is inner and tp is outer. 
The same factorization result was proved for elements of T 2 in [APo] , where rj G T 2 
was said to be outer if there exists a sequence of polynomials p n G V such that 
ip®p n — ► 1 in the norm of T 2 (this last result was also obtained recently in [DPI]). 
Let us mention that we proved in [APo] that the noncommutativc analytic Tocplitz 
algebra in n noncommuting variables T°° is reflexive. Recently, Davidson and Pitts 
[DPI] proved that this algebra is hyper-reflexive. They also studied in [DP2] the 
algebraic structure of J- 00 (in their notation C n ). 

Now let us recall some general facts about duality in Banach spaces. Let X be 
a Banach space with predual A* and dual A*, and let S C A. The preannihilator 
of S in A* is the set ± S = {/ G A* : (/, x) = for all x G S}, and the annihilator 
of S in A* is the set S 1 - = {/ G A* : (x, f) = for all x G S}. If S is w*-closed, 
it is well known that {^Sf = X/S, ^S) 1 - = S, (X t ,/ ± S)* = S, and ^S)** = S 1 - 
(see [Ru]). 

The predual of B(TL) is the space of trace class operators Ci(W), under the trace 
duality. That is, if T G a(H) and A G B(H), then (T, A) := tr(TA). A w*- 
closed subspace S of B(7i) has property Ai if for every w*-continuous linear map 
/ : S -» C, there exists h,k GH such that for all T G 5, /(T) = (Th, k). Moreover, 
if for every e > 0, h and k can be chosen so that ||/i||||/i|| < (1 + «S has 

property Ai(l) (we refer to [BFP] for more information). If n > 2, Davidson and 
Pitts [DPI] proved that F°° a B{T 2 ) has property Ai(l), and Bcrcovici [B] proved 
that M k (F°°) has property Ai(l) for each k > 1 (i.e., F°° has property A Ko (l)). 

We refer to [Arl], [P], and [Pi] for results on completely bounded maps and 
operator spaces. 

Let J be a WOT-closed, 2-sidcd ideal of F°° and define 

Mj ={p®ip : tp G J,ip G T 2 } U \ and 
Mj=T 2 QMj. 

Recall from [S] that a subspace N C H is semi-invariant under a semigroup of 
operators S C B(H) if for every T U T 2 G E, P Ji /T 1 Pj^T 2 Pm = PtfT&Pj*/ . It is well 
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known that if A/i , A/2 are invariant subspaces under X and A/2 C M\ then M\ A/2 
is semi-invariant under S. 

Lemma 1.1. If J is a WOT-closed, 2-sided ideal of F°° , then the subspaces A/j 
and i/A/j are invariant under S* , i = 1,2, . . . ,n. 

Proof. Since J is a left ideal, Mj is invariant under Si,. . . ,S n and, hence, A/j is in- 
variant under S%, . . . , S 1 *. Moreover, since J is a right ideal, the set 
{</? : ip(Si, . . . , S'n) G J} is dense in A^j. Similarly, one can prove that UAfj is 
invariant to each S* , i = 1, 2, . . . , n. ■ 

Proposition 1.2. Let J be a w* -closed, 2-sided ideal of F°° and g £ i J C (F°°)*. 
For each e > 0, there exist ipi,ip2 £ A/j satisfying HV'ilhllV^lh < (1 + such 
that for every n £ F°°, g(n) = (77 ® ipi, ^2)- Conversely, if ipi,ip2 £ A/j and 
(7(77) := (77 ® ^1,^2) for any rj £ F°° , then g £ - 1 J. 

Proof. Let g £ C. and let e > 0. Since F°° has the Ai(l) property, 

find (fi,<P2 £ satisfying H^il^H^lh < (1 + e )IMI such that for every £ G 
(<?,£) = (^2)- Factor </?i = 771 (81772, where 771 is outer and 772 is inner. Hence, 

there exist a sequence of polynomials p n £ V such that p n <£> 771 — > 1 in the norm of 
T 2 , and .P 2 <E> 772 is a closed subspace of T 2 . Let P^ 2 be the orthogonal projection 
onto T 2 ®r}2-, and write P m l P2 = 4>2 <8>»72 for some 7/>2 G Then for each £ G J/ 700 , 

5(0 = (£®<pi,¥>2) = (C<E>»?i (8)772,^2} = (P V2 {£®vi ®m),<P2i 
= (£®m ®v2,P m (<f2)) = {€®vi <S'V2,i>2 ®m) = (€®m,4>2)- 

The last equality follows because the operator on JF 2 that multiplies from the right 
by 772 is an isomctry (this is the equivalent to 772 inner). 

We will show that ip2 £ A/j. Let £ G J. Since J is a right ideal, £ ® p„ G J for 
each n. Hence, = g(£, ®p n ) — (£ ® Pn <8 ^1,^2) — ► (£, V^)- Therefore, (£, 7/> 2 ) = 0. 
Since G .F 2 : </?(Si, . . . , SVi) G J} is dense in Alj we conclude that ^2 G A/j. 

Recall that A/j is invariant under 5* and let ^1 = Pj^j{r]i). For each a G F+, 

g(e a ) = {e a (81771, V2) = (771, S*^)) 

The converse is straightforward. This completes the proof. ■ 
As a consequence of Proposition 1.2, we obtain the following. 
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Proposition 1.3. For every ip £ dist(y, J) = \\Pj\fj(fi(Si, . . . , S n )\^j\\. Con- 
sequently, the map $ : F°°/J — ► B(Nj) defined by $(<^+ J) = Pj^jip(Si, . . . , Sn^jVj 
is an isometric homomorphism. 

Proof. If ^ € J it is clear that Pj^ J l ip(S\, . . . , S n )\N,, — 0. Hence, for every <p G 
||^V J ¥'(S'i,---,5'r l )k J || < dist(p, J). 

Suppose now that ip £ J. Since ( J)* = F°°/J, for every e > there exists 
/ e J, ll/H < 1 such that |/(v)| > dist((^, J) — e. By Proposition 1.2, there exist 
G AO such that H6II2II6II2 < 1 and /(p) = (ip(S u . . . , S n )£i, Hence, 
H-fVjV'C'S'i) • • • > 'S'n)|jVj II — dist(<p, J) — e. Since e > is arbitrary, we finish the 
proof. ■ 

It should be noted that Proposition 1.3 is all one really needs to obtain the scalar 
version of Caratheodory or Ncvanlinna-Pick interpolation in F°° . 

We know from [Po5] , [P06] that the set V of all polynomials in S\ , . . . , S n is 
WOT-dense in T°° . Indeed, if / = J2 a evt a " ect ^ s m an< ^ fr := J2 a evt r ' Q ' fl a e a 
for any < r < 1 then SOT-lim r ^i f r = f and ||/ r ||oo < ll/IU (see [P06]). On the 
other hand, f r £ A n . Indeed, since || J2\ a \=k a a S <* II = (J2\ a \=k l a a| 2 ) 1/2 , we have 

oc oc 

Y,r k \\ J2a a S a \\ = £r fe ( £ |a a | 2 ) 1/2 

k=0 \a\=k k=0 \a\=k 

00 

= (E^)iiA- 

k=0 

Therefore, J2 a£V + r' Q 'a Q S' ct converges in norm, so that f r £ A n . Taking into ac- 
count that V is norm dense in A n , the result follows. 

We will use the same notation as above if J is a closed, 2-sided ideal in A n . 

Lemma 1.4. Let J C A n be a 2-sided ideal of A n and let J w be the WOT-closed, 
2-sided ideal generated by J in F°° . Then J w = J* 07 and J\fj w — AG- 

Proof. We need to show that JWOT is a 2-sided ideal in Consider 
V>, <t> e f £ J^ 071 , and let {ft} C J be a net WOT-convergent to /. 

Since J is a 2-sided ideal of An, fyrQifyr' € J for any r,r' £ (0,1) and any i. 
Using the remarks preceding this lemma, it is easy to see, by taking appropriate 
limits, that <\>fif> £ J WOT . Now let us show that Mj w = AO- Since J C J w , it is 
clear that AG D Afj w . Let / £ J* 07 , tp £ T 2 , and choose {ft} C J such that 
WOT-lim, ft = /. If x £ AG we have 



(x,f®ip) = lim(x,g i (S 1 ,...,S n )ip) = 0. 

2 
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Therefore, x G J\fj w , which proves that Afj C Nj m . This completes the proof. ■ 

2. Non-commutative interpolation in F°° 

Let TC,)C be Hilbert spaces and / be a set of indices with dim/C = card / = 7. 
Denote ® 7 Tt :— (BieiTLi where Hi :— H, and notice that, under the canonical 
identification © 7 7i — H ® /C (Hilbert tensor product), each operator X G B(H ® 
/C) can be seen as a matrix of operators in B(H), i.e., X = [X a fj] a jj e i with 
X Q/3 G B(H). For any W C B(H), we denote 

My(U) = {iu a p] G B{®^H) : veW;a,/3e/}. 

It is clear now that {u <g> Tjc; M G W}' = M 1 {U') (where ' stands for commutant). 

Let us recall from [Pol] that T — [Ti, . . . ,T„] is called Co-contraction if T is a 
contraction and 

(2.1) SOT- lim V T a T* = 0. 

For example, if YJl=i T i T * < P J n for some < p < 1, then [Ti, . . . ,T„] is a Co- 
contraction. 

The following result is an extension of Sarason's result [S] and a consequence of 
the noncommutative commutant lifting theorem [Po3] and the characterization of 
the commutant of {Si, . . . , S n } from [Po7]. 

Theorem 2.1. Let JC be a Hilbert space with dim/C = 7 and let Af C T 2 be 

an invariant subspace for Si,...,S*. If T G B(N <g) /C) commutes with each 
Xi := Pjs{S 1 \m(&Ijc, i = 1, 2, . . . ,n, i/ien tftere is $(Si, . . . , 5„) := [^^(Si, . . . , S n )] 
inM 7 (F°°) such that \\<S>(S U . . . , S n )\\ = \\T\\ and 

PAr®K.[U*<f> a p(Si, . . .,S n )U] = TPfStzKi, 

where -FV<g>/C is the orthogonal projection of T 2 ® /C onto M ®K, and U is the 
flipping operator on T 2 . 

Proof. Since S* 1^ = B* , i = 1, 2, . . . , n, it is clear that [Pa/ Si |jv, . . . , Pj\fS n \j\f] is a 
Co-contraction and, according to [Pol] , its minimal isometric dilation is [Si , ... , S n ] . 
Therefore, the minimal isometric dilation of [Xi, . . . , X n ] is [Si (§3 I/c, ■ ■ ■ , S n <g> 
lie]- According to the noncommutative commutant lifting theorem [Po3], there is 
A G {Si <g> J/e;« = 1,2,.. .,n}' such that ||A|| = ||T|| and = T* . Therefore, 

there exists a a jj G {Si, . . . , S n }' such that A = [a a p] G M 7 ({Si, S n }') C 
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5(© 7 .F 2 ). Using the characterization of the commutant of {Si, . . . , S n } from 
[Po7], we find <fi a p G T°° such that a a p = U*(f> a p(Si, . . . , S n )U, where U is 
the flipping operator on T 2 . Therefore A = [U*(f> a p(Si, . . . ,S n )U] and 
T=[P u U*ct> af} {S u ...,S n )UU]. ■ 

Notice that if n = 1 we find again Sarason's result [S]. 

Lemma 2.2. Let T, G B(TL) be such that T := [Ti, . . . ,T n ] is a Co-contraction 
and let f a /3(Si,...,S n ) G F°°,o;,/3 G /, be such that [,fai3(Si,---,S n )] a .j3 l =i is in 
B((B 7 T 2 ) (7 = card/). Then [f af3 {Ti, . . . ,T n )\ G B(® 7 H) and 

||[/a/ 3 (Tl,...,T n )]||<||[/ a/J (S 1) ...,S n )]||. 

Proof. According to [Pol], the minimal isometric dilation of T = [Ti, . . . ,T n ] is 
[Si ® Ic, ■ ■ ■ ,S n <8> /jc] for some Hilbert space C. According to Theorem 3.6 from 
[Po5], for any f a[i G T°° , f aP (T u . . . , T n ) = P H {f a p{Si, ■ ■ ■ , S n ) ® I C )\n- The rest 
of the proof is straightforward. ■ 

If C = (&,■■ - .Cn) G C" is such that |C| := (|Ci| 2 + ■ ■■ + C™| 2 ) 1/2 < 1, and 
/(Si, • • • , S n ) G F°° , then, according to the F°°-functional calculus [Po6], we in- 
fer that |/(Ci, . . . ,Cn)| < ll/(Si, • • • ,S„)||. Therefore, /(Ci,---,Cn) is an analytic 
function in !B n . Moreover, we deduce the following. 

Corollary 2.3. If f a p G a, [3 el, card/ = 7, and [f a p{Si, . . . ,S„)] Qj(3e / is 

in B((B-yJ- 2 ), then <&(£) := [f a p(Q] * s an operator-valued analytic function in B„. 
Moreover, sup CeBri ||$(C)|| < || [/<»/» (Si, . . . , S„)]||. 

A consequence of Theorem 2.1 is the following extension of the Nevanlinna-Pick 
problem to the noncommutative Toeplitz algebra 

Theorem 2.4. Let Ai, . . . , Afc 6e fc district points in B„ and letWi,. . . , Wk be in 
B(IC), where K is a Hilbert space with dim/C = 7. T/ien there exists $(Si, . . . , S„) := 
[0a >/3 (Si,...,S„)] in M 7 (F°°), sucA tftai ||$(Si, . . . , S„)|| < 1 and $(Aj) = W j; 
j = 1, 2, . . . , k, if and only if the operator matrix 



(2.2) 

is positive definite. 



i,j=l,2,...,k 



Proof. For each i = 1, . . . , k, let Aj := (Xa, . . . , A in ) G C n and, for a — gj 1 gj 2 ■ ■ ■ gj n 
in F+, let Xi a := X i j 1 \ i j 2 ■ ■ ■ Kj m and A e = 1. Define 



^ ^ A^ Q e a , 2 — 1,2,.. 



aGF. 



+ 
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and notice that, for any <fi = J2 a e¥ + a a e a in T 2 , (<f>, z Xi ) = 4>{\i). 

If E T°° then (0, z Xz ) = (1, . . . , S n )*z Xi ), where S u ...,S n are the left 
creation operators on the full Fock space T 2 . It is clear that S*z Xj — XjiZ Xj for 
any i = 1, . . . , n; j = 1, . . . , k. Denote 

JV := span{z Aj : j = l,...,k} 

and define E B(jV ® /C) by Xi = Pj^Si\j^ <£> Ijc- Since z Xl ,. . . , z\ k are linearly 
independent, we can define T E B{N ® /C) by setting 

(2.3) T*{z Xj ®h) = z Xj ®W*h 

for any h EH, j = 1, . . . , k. Notice that for each i = 1, . . . , k, TXi = X{T . Indeed, 

X*T*(z Xj ®h)= X*{z Xj ® W*h) = S*z Xj ® W*h 
= X ji z Xj ®W*h 

and 

T*X*{z Xj ®h) = T*{\ jiZXj ®h)= \ jiZXj ® W*h. 

Since J\f is invariant under S* , i = 1, . . . ,n, according to Theorem 2.1, there exists 
[<f> a ASi,--->S*)] G M 7 (F°°) such that P^® K [^ ai/ ,(Si,...,S n )^ = TP mK , 
and 

(2-4) ||[0 a)/J (S 1 ,...,5 n )]|| = ||T||. 

Let us show that $(Si, . . . , S n ) :— \<t> a ,p{Sii ■ ■ ■ , Sn)] satisfies $(Aj) = Wj for any 
j = 1, . . . , k, if and only if 

(2.5) [iWVa,/j(Si, • • • , S„)£%] = T. 

To prove this, notice first that U(z Xj ) — z Xj , j = 1, . . . , k, and 

WvM-Si, . . . ,S , „)za 3 ,z Aj ) = <j} a jj(Xj){z Xj ,z Xj ). 

Due to these relations, (2.3), and (2.5), it is easy to see that, for any j — 1, . . . , k 
and h,k € IC, we have 

{[U*$ a , fj {S ll ...,S n )U]{z X] ®h) 1 z X] ®k) = (z Xj ,z Xj )mXj)h,k) 

= (T(z Xj ® h), z Xj ® fc} = (z Xj ® ft, z Aj ® VK/fc) 
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Now, it is clear that $(Aj) = Wj for any j = 1, . . . , k if and only if (2.5) holds. 
On the other hand, (2.4) shows that ||$(Si, . . .,S n )\\ < 1 if and only if ||T|| < 1. 
The later condition is equivalent to 

{g®k,g®k)- (T*(g ® k),T*(g ® fc)) > 

for any # = Ym=i a j z ^j m N an d k £ IC. This inequality is equivalent to 

k 

(2.6) £ a^-^.^XJ- WjW?) > 0, 

for any a>i G C and k e JC. Since 

a<EF+ 

= 1 + (A,,A 2 ) + (A J ,A,) 2 + ... 
1 



1 _ (Aji Aj) ' 



inequality (2.6) holds if and only if the matrix (2.2) is positive definite. This 
completes the proof. ■ 

Corollary 2.5. If n = 1 we /md again the Nevanlinna-Pick interpolation theorem 
(see [Pic], [N]). 

Notice that the proof of Theorem 2.1 works also for arbitrary families {Xj}jeJ 
of distinct elements in B„, the open unit ball of C". 

Theorem 2.6. Let {Xj}je,j be distinct elements in M n and let {Wj}j e j C B{JC), 
where K is a Hilbert space of dimension 7. Then there exists $(Si, . . . , S n ) in 
M 7 (^°°) such that ||$(Si, . . . , S n )\\ < 1 and $(Aj) = Wj for all j € J if and only 
if 

\- Ik - WjWt _ 



for any {ctj}j e j such that {j : otj ^ 0} is finite. 

Combining Theorem 2.4 with Corollary 2.3, we obtain the following sufficient 
condition for interpolation in the open unit ball of C™. 

Corollary 2.7. Let Ai, . . . Afc be k distinct points in B„ and let Wi, . . . , Wk be in 
B(K). If the matrix 



(2.7) 



l-(Xj,Xi) 



i,j — l,...,k 
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is positive definite, then there is an operator-valued analytic function 
F : B„ -> B{K) such that 



sup ||F(C)|| < 1 and F(X t ) = Wj 

CeB„ 



for any j = l,...,k. 



Arveson [Ar2] showed that there are functions F in H°°(M n ) for which there are 
no / G F°° such that /(A) = F(X) for each A G B n . The next result characterizes 
those functions in H°°(M n ) which are the image of elements in the unit ball of 

Theorem 2.8. Let F be a complex-valued function defined on M n , such that 
\F(()\ < 1 for all |C| < 1. Then there is f e WfW^ < 1 such that 

f(() — F(Q, ( G B„, if and only if for each k > 1 and each k-tuple of points 
Ai, . . . , Afe G B„, ifce matrix 



(2.8) 



l-F^FfA,) 
1 — (A7 ' ^» 



is positive definite. In particular, if (2.8) ftoids, t/ien F is analytic on B n . 

Proof. The necessity of (2.8) follows immediately from Theorem 2.4. Conversely, 
suppose that F satisfies (2.8). Let {Xj}JL 1 be a countable dense set in B„. Accord- 
ing to Theorem 2.4, for each k, there is G F°° with ||/fe||oo < 1 an d 

(2.9) / fc (A,) - F(Aj) for any j = 1, . . . , k. 

Since {fk}kLi i s bounded and F°° is a dual space, according to Alaoglu's theorem, 
there is a subsequence {/fe m }^Li such that fk m converges in the w*- topology to an 
element / G F°°, ||/||oo < 1- Since w* and WOT topologies coincide on F°° and 
the F°°- functional calculus for Co-contractions is WOT-continuous, we infer that 

lim fk m (Xji,- ■ ■ , Aj„) = /(Aji, . . . , A jn ), where Aj = (Aji, . . . , X jn ). 

m — »oo 

Using (2.9), we have lim m _ >00 / fem (Aji,. ..,Aj n ) = F(Xji, . . . , X jn ). Therefore, 
/(A J )=F(A J )foranyj = l,2,.... 

We claim that /(C) = F(Q for any ( 6 B„. Let A be an arbitrary point in B„. By 
repeating the preceding argument, there is g G F°° , \\g\\ < 1 so that g(() = F(() 
on the set {Xj}°^ 1 U {A}. Since the maps ( i— > g(() and £ i— > f(() are analytic in 
B„ and coincide on {Xj}°^ 1: which is dense in B„, we infer that they coincide on 
B„. In particular, we obtain /(A) = F(X). Since A was an arbitrary point in in 
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B„, we deduce that / and F coincide on B„. In particular, £ F(() is a bounded 
analytic function in B„. This completes the proof. ■ 

Condition (2.7) is necessary and sufficient for interpolation in F°° but only suf- 
ficient for interpolation in H°°(M n ). One can use the classical Cauchy formula for 
B„ to obtain a necessary condition for Nevanlinna-Pick interpolation in H°°(M n ). 
Recall that for every / G H°°(M n ) and A G B n , 



where a is the rotation invariant probability measure on <9B„. Using this formula, 
and a standard argument (eg. like the one used in Section 3 of [CW]) we can check 
that if there exists / G H°°(M n ), \\f\\oo < 1; snch that f(Xj) — Wj for j = 1, . . . , k, 
then 



(2.10) 



1 — WjWi 



is positive definite. Now, one can easily check that the scalar version of condition 
(2.7) is stronger than condition (2.10) (see for example Lemma 4.1 of [CW]). 

Let J be a u>*-closed, 2-sided ideal of F°° . For any cardinal 7, the algebra 
M 7 (F°°) is w*-closed in B(®^T 2 ) and M 7 (J) is a w*-closed, 2-sided ideal of 
M 7 (F°°). Recently, Bercovici [B] proved that if the commutant of a w*-closed 
subspace of B(H) contains two isometries with orthogonal ranges, then the sub- 
space has property -X^i, which is stronger than property An (1). One can use this 
result to show that M 7 (F°°) has property Ai(l). 

Another consequence of Theorem 2.1 is the following. 

Theorem 2.9. For any cardinal 7, the map $ : M 7 (F°°)/M 7 (J) -> M 1 {B{Mj)) 
defined by 

<j>([/ q/3 ] + m 7 (j)) - [p^UWA 

is an isometry. 

Proof. It is enough to show that 

dist([/ Q/3 ],M 7 (J)) = \\[PuM J U*f ij (S u ...,S n )U\ uMj ]l 
where U : T 2 — > T 2 is the flipping operator. For each [g a p] G M 7 (J), we have 



\\[faP+g a p]\\ = ||[^*(/a/J+5a/j)^]|| > II [PuXj U* (f a p + 9a p)U\ UHj } \\ . 
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Since g a p e J, according to Proposition 1.3, we have PMj9ap\Mj = 0. Since U is 
an unitary operator with U = U* , it is easy to see that PuNjU* g a pU\uMj = 0. 
Combining this with the above inequality, we obtain 

(2.11) dist([/ Q/3 ],M 7 (J)) > \\[P uNj U*f a pU\ uNj ]l 

It remains to prove the converse inequality. Since U* f a pU commutes with S\ , . . . , S n 
and UAfj is invariant to S*, . . . , S*, (U* f a pU)* , it is clear that [PuMjU* f a pU\uMj] 
commutes with PuNjSi\uNj ® I-y f° r each i = 1,2, ... ,n. We can apply Theo- 
rem 2.1 to find [i> a0 } G M 7 (F°°) such that \\[tp al3 ]\\ - || [PutfjU* f af ,U\ujsrA || and 
[PuMjU*i> a pU\uHj] = [PuNjU* fapUluA/A- According to Proposition 1.3, we infer 
that [<f> a p] := [ip af3 - f aP ] e M 7 (J). Therefore, 

\\[PuNjU*f a0 U\ UN A\\ = ||[/a/3 + <M|| > dist([/ Q/3 ], M 7 (J)). 

Combining this with (2.11), we complete the proof. ■ 

Recall that for each k > 1, M k (F°°/J) = M k (F°°)/M k {J) (sec [R]). Hence, as 
an immediate consequence of Theorem 2.9, we obtain the following. 

Corollary 2.10. The map $ : F°°/J -> PtfjF 00 ^ defined by $(/) = Pv. ; /k ; 
is a completely isometric representation. 

Let P m be the set of all polynomials in J- 2 of degree < to, and denote 
JF~ m = T°° n e ^ Setting J = J"~ m in Corollary 2.10, we can deduce 
the Caratheodory interpolation theorem on Fock spaces [Po7] . 

Corollary 2.11. Let p e V m be fixed. Then 

di S t(p,T? m ) = \\P VmP (S 1 ,...,S n )\ v J\. 

Let us remark that Theorem 2.9 is no longer true if we replace F°° by the 
noncommutative disk algebra An and J is a closed, 2-sided ideal of A n . To see this, 
let A e C™ be of norm one and let J := {tp e A n : tp(\ x , ■ ■ ■ , A„) = and (tp, 1) = 
0}. It is easy to see that Afj is the span of 1 and so is J\fj w (see also Example 3.6). 
Then J w = {tp e F°° : (tp, 1) = 0}. If one takes a polynomial p <G V such that 
(p, 1) = but p(Xi, A„) ^ 0, then dist(p, J) > but dist(p, J w ) = 0. Therefore, 

dist(p, J) ^ dist(p, JJ - Wp^jJWjJ = PWkJ- 

However, we will show that A n /J is completely isometrically isomorphic to 
PjVjAnltfj, for certain closed ideals J of A n . 
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Proposition 2.12. Let Ai 



, . . . , Afe el„ and define 



J = {ip E An : ¥>(Aj) = /or every j = 1,2, . . . , fc}, and 
J w = {<peF° : ^(Aj) = /or every j = 1, 2, . . . , fc}. 



Then the map \I> : A n /J — > PaoAiIaG defined by <f"(/ + J) = Pa/j/IaO is a 
completely isometric representation. 

Proof. According to Corollary 2.10 and Lemma 1.4, for any / E _4„, 



Therefore, it is enough to prove that dist(/, J w ) = dist(/, J). Let us define $ : 
An/J —> F°°/J w by <&{p + J) — p + J w . Notice that <f> is contractive. We shall 
prove that for every ip E F°° with \\ip + J w \\ = 1, there exists ?A € A such that 
||V> + J|| = 1 and + J) = + J w . 

Assume that ||<p|j = ||<p + J„,|| = 1 and find ipk E A n such that ||(/?fc|| < 1 and 
Pk — > v? m the WOT. Since A n j 3 is finite dimensional, we assume (after passing to 
a subsequence) that p>k + J converges to ip + J in the norm of A n / J for some ip E A n . 
Then \\ip + J\\ < 1 and there exists a sequence J such that ifk + r]k ip in the 
norm topology of „4„ . Then r/k = (r]k + <Pk) — <£fc — > ^ — V i n the WOT of F°° . Since 
rjk E J C J w for each fc and since J w is WOT-closed, we have that ip — p E J w . 
Therefore, <p + J w = ip + J w = $(ip + J). Since dim An/ J = dim F°° / J w , it is clear 
now that $ is isometric. The argument works also when passing to matrices, so the 
map $ is completely isometric. ■ 

Combining Theorem 2.4 with Proposition 2.12, we infer the following Nevanlinna- 
Pick interpolation theorem for the noncommutative disc algebra A n - For simplicity, 
we consider only the scalar case. 

Corollary 2.13. Let Ai, . . . , Afe E B„, and w\, . . . , Wk € C. Then the matrix 



is positive definite if and only if for any e > there exists f E A n , ||/||oc < 1 + e, 
such that f{\j) — Wj for every j = 1, . . . , fc. 



dist(/, J w ) 



1 — WjWi 



Ll-<A J -,A i )J 



fc 



3. Poisson Transforms and von Neumann Inequalities 

In [Po9], the second author found an elementary proof of the inequality (1) 
based on noncommutative Poisson transforms associated to row contractions. In 
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this section, we will recall this construction (see [Po9, Section 8]) in a particular 
case and use it to obtain new results. 

As in [Pol], T = [Ti, . . . , T n ] is called Co-contraction if T is a contraction and 

(3.1) SOT- lim T « T « = °- 

ae¥t,\a\=k 

Recall that the sequence {^\ a \ =k T a T* : k > 0} of positive operators is non- 
increasing, and that (3.1) holds if and only if Y^\ a \=k ||T*/i|| — * for every h E H. 

Suppose that T = [Ti , . . . , T n ] is a Co-contraction and let A := {In~^2i=i TiT*)i . 
Since 

]T t q a 2 t* = T »K - ]T t q t*, 

\a\=k \a\=k |a|=fc+l 

it is clear that £ q£F + T a A 2 T* = I H - lim*^ E| Q |=fc+i T <* T * = 7 «- 

The Poisson Kernel K = K(T) associated to T — [Ti, . . . , T„] is the linear map 

K : H -» T 2 ®U defined by Kh = e « ® AT >- 

aGF+ 

Since T a A 2 T* = I H , K is an isometry. It is easy to check that, for each a G F+, 
(S* (8) 7)7T/i = KT*h. Hence, for every a,/3 e F+, 

(3.2) ir[S Q ^®/]X = T a T*. 

The map * : B(J" 2 ) -> B(H) defined by = K*[A <g> 7]7C is clearly unital, 

completely contractive (hence, completely positive), and w*-continuous. Moreover, 
for each a, (3 E F+, ^{S a S* p ) = T a T^. The restriction of *toF°°, which is denoted 
by *f>T, provides a WOT-continuous F°°-functional calculus for the Co-contractions 
T = [Ti, . . . , T„], which is a particular case of [Po6]. That is, 

(3.3) '■ F°° — > B(TL) satisfies tf T (p(Si, . . . , S„)) = <p(T u . . . , T n ) 
for every ip E F°° . 

Suppose now that T = [Ti, . . . , T„] is a row contraction. For each < r < 1, 
let if r = K r {T) be the Poisson Kernel associated to [rTi, . . . rT n ], which is clearly 
a Co-contraction. Let C*(S\, . . . , S n ) be the C*-algebra generated by S\,. . . ,S n , 
the extension through compacts of the Cuntz algebra O n (see [Cu] ) . The Poisson 
Transform associated to T = [Ti , . . . , T„] is the linear map 

(3.4) $ T :C*(5i,...,5 n )-»B(W) defined by $ T (/) = lim *T r *[/ ® 7]7C r 

r— >1 

(in the uniform topology of B{H)). It is easy to see that $t is unital, completely 
contractive, and for every a, (3 E F+, $ T (S a Sp) = T Q T|. Inequality (1) from the 
introduction follows by restricting $t to ,4„. 
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A simple consequence of the noncommutative Poisson transform is the following 
result which turns out to be crucial for the rest of this paper. 

Proposition 3.1. Let T = [Ti, . . . , T n ] be a Co -contraction with its Poisson Kernel 
K, and let M be a subspace of T 2 invariant under S{ , . . . , S 1 * . If K takes values 
in J\f ®H, then there exists a unital, completely contractive, w* -continuous map 
$ : B(Af) -» B(H) such that for every a, [3 € F+, <P(B a B*) = T a T*, where 
B k = PtfSklM for any k = 1, . . . ,n. 

Proof. Since J\f C T 2 is an invariant subspace of S^, . . . , S 1 *, for every a, [3 € F+, 
Pj\rS a Sp\j\r = B a Bp. By hypothesis, K = (Pj^ ® I)K. Hence, and according to 
(3.2), for each a, (3 e F+, we have 

T a Tg = K*[S a S*a ® I]K = K*{P N ® I)[S a S% ® I]{P M ® I)K 

(3.5) 

= K*[P M S a S* P M ® = K*[B a B} ® J]Jf. 
To complete the proof, define $ : B(AT) -> 5(H) by $(A) = K*[A ® I]K. ■ 

Remark 3.2. IfT= [Ti, . . . , T n ] is a contraction and its Poisson kernel K r takes 
values in M ® Tt for every < r < 1, then there is a unital, completely contractive 
map $ : C*{B X , ...,£„)-► B(TL) satisfying $(B a B* p ) = T a Tp for all a, (3 E F+. 

Proof. It follows from (3.5) that 

lim K*[B a Bp ® I]K r = lim r^T a r W T* B = T a T* 8 . 

Hence, the map B a Bp \— > T a Tg, defined on span{i? a _B^ : a, /3 <G F+}, is completely 
contractive. By [Arl], it can be extended to a unital, completely contractive map 
$ : C*{B U B n ) -> B(W) satisfying <P(B a B*) = T a T* for all a,/3 G F+ ■ 

To illustrate Proposition 3.1 and Remark 3.2, we will consider a row contraction 
T = [Ti, . . . , T„] satisfying the following commutation relations 

(3.6) TjTi ~ XjiTiTj for every 1 < i < j < n, 

where Ay e C for 1 < i < j < n. 

Example 3.3. There exists a subspace Af = of T 2 , invariant under 

Sl,...,S*, such that the operators Bk = PAfSkW, k = l,...,n, satisfy (3.6) 
and for every row contraction T = [Ti,...,T n ] satisfying (3.6), there exists a 
unital completely contractive linear map $ : C*(B\, . . . , B n ) — > B(H) such that 
$>(B a B* ) = T a Tp for any a,(3e F+ 
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Proof. Fix k G N, and consider a — gi 1 gi 2 • • • g% k G F+ satisfying i\ < i 2 < ■ ■ ■ < ik, 
and a permutation ir G life on {1, 2, . . . , k}. Then, from (3.6), 

T n ( a ) = £n(a)T a , where e^a) ■= ] { Aj^,^, 

and ir(a) :— ffi x(2) ■ ■ ■ 9i„ lk) ■ Let J\f({\ij}) be the subspace of T 2 defined by 
■^{{Xij}) := spaS< e7r(a)e T ( Q ) : a = 5ii5i 2 ' ' ' € F+, ii < • • • < i fe , fc G N L 

It is easy to see that if T = [Ti, • • • , T„] is a Co-contraction and satisfies (3.6), then 
its Poisson kernel takes values in A/"({Ay •}) <g> W. Indeed, 

oo oo 

^ = E E E e -(«) ® AI W = E E v ° ® AT «^ 

fe=o °=9»r-- 9 »fc 7ren fc fe=o °=«i 

•i<-<<* »i<--<«ib 

where w Q = X^erifc <^r(a) e 7r(a) € •^'({Ay})- One can verify directly, from the defini- 
tion of that this space is invariant under S^, . . . , S 1 *, although it is easier 
to check that Af({Xij}) = Nj, where J is the WOT-closed, 2-sided ideal in 
generated by {ej ® et — XjiCi ® e 3 ; : 1 < i < j < n}. Then, from Proposition 1.3, 
the i?fc's satisfy (3.6). The rest of the statement of Example 3.3 is an immediate 
consequence of Remark 3.2. ■ 

The case where Xji = 1 for 1 < i < j < n appears in [Ath] and [Ar2]. In 
this situation, condition (3.6) means that the Tj's are commuting and Af({\ji}) 
is the symmetric Fock space. If Xji = — 1 for 1 < i < j < n, then the Tj's are 
anti-commuting and Af({Xji}) is the anti-symmetric Fock space. 

Example 3.4. If Jk is a WOT-closed, 2-sided ideal generated by some elements in 
span{e Q : \ct\ — k}, then a similar result to Example 3.3 holds for any contraction 
T = [Ti , . . . , T n ] such that <j)(T\ , . . . , T n ) = for each <fi G Jk- 

In Section 4, we will consider the F°°-functional calculus associated to row 
contractions satisfying (3.6), or as in Example 3.4. 

Let <fi G F°° and let be the WOT-closed, 2-sided ideal generated by <f> in 
F°°. If A/j ^ {0}, then there is a nontrivial Co-contraction T = [Ti, . . . , T n \ such 
that 4>(Ti, . . . , T n ) = 0. Indeed, define T t := P^j Si\^j . According to [Pol], 
it is clear that T = [Ti,...,T„] is a Co-contraction. Since the functional 
calculus associated to Co-contractions is WOT- continuous. It is easy to see that 
0(Ti ,...,T n ) = Pm (/>(Si , . . . , S n )\tfj = (see also Lemma 4.4). 
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Lemma 3.5. Suppose that T — [T\, . . . ,T n ] is a Co-contraction with its Poisson 
Kernel K, and that J is a WOT-closed, 2-sided ideal of F°° such that for every 
<p G J, <p(Ti, . . . , T n ) = 0. Then K takes values inMj®TL. Consequently, Nj ^ (0). 

Proof. For any polynomial p G V, p — J2 a a a e a, we have 

(Kk,p®h) = ^a a (k,T a Ah) = /k, r%2a a T a )Ah\ 
= (k,p(T u ...,T n )Ah) 

for any h,k e H. Since the F°°-functional calculus for Co-contractions is WOT- 
continuous and V is WOT-dense in F°° we deduce that for any ip £ J and h,k eW, 

(Kk,tp®h) = (k,ip(T 1 ,...,T n )Ah) = 0. 

Since Mj is the closure of J in T 2 , we see that for every k G H, 

Kk G {Mj®H)^=Nj®H. 

This completes the proof. ■ 

If T= [Ti,... , T n ] is a Co-contraction, then 

Jx := {ip G F°° : <^(T 1; . . . ,T n ) = 0} = Ker* T 

is a WOT-closed, 2-sided ideal of Similarly, 

■h ■= {<P G An ■ f{T u . . . ,T n ) = 0} = Kcr$ T 

is a closed, 2-sided ideal of A n . Lemma 3.5 is stated for F°° , but it holds true also 
for An- Therefore Af Jl ^ {0} and A/j 2 ^ {0}. Let us remark that if [Ti, . . . ,T n ] is 
just a contraction (not necessarily Co), then Afj 2 may be zero. 

Example 3.6. (Point evaluations) Let Aj G C, i = l,...,n, be such that 
S™=i l^*l 2 < 1- Then A = [Ai,...,A„] is a Co-contraction, and hence, J w := 
{ip G F°° : ip(X u ...,X n ) = 0} is a WOT-closed, 2-sided ideal of It is 

known that Nj x = spanjzA} where z\ = 1 + J2k>i(^ iei + ' ' ' + \e„) 8l: and 
p(Ai,...,A„) = (ip,zx) for every ip G F°° (see [APo], [Ar2], and [DPI]). Notice 
that if Y^i=i \^i\ 2 = 1' tncn J = W ^ A n : (p(Xi, . . . , A„) = 0} is a closed, 2-sided 
ideal of A n but one can check that Afj = {0}. 

Combining Proposition 3.1 and Lemma 3.5, we obtain the following. 
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Theorem 3.7. Let T = [Ti, . . . ,T n ] be a Co-contraction, and let J be a WOT- 
closed, 2-sided ideal of F°° such that for every ip G J, tp(Ti, . . . , T n ) = 0, then there 
exists a unital, completely contractive, w* -continuous map $ : B(Mj) — ► B(H) such 
that for every a, [3 G F+ ; $(B a B*) = T a T*, where B k = P Mj S k \Nj,k = 1, . . . , n. 

One can easily see that there is an „4„-version of this theorem corresponding to 
closed, 2-sided ideals in A„, J C Ker$ T with Mj ^ {0}. Let T = [Xi,...,T„] 
be a contraction, and let J C Ker <I>x be a closed, 2-sidcd ideal of A n such that 
Mj ^ {0}. Notice that Remark 3.2 holds true if we take TV = Mj. 

Given T = [Ti, . . . ,T n ] a Co-contraction with Poisson kernel K, the best von 
Neumann inequality given by Proposition 3.1 comes from the smallest subspace 
At of T 2 which is invariant under S*,. .., S 1 * and such that K takes values in 
Mr <8> H. It is not hard to see that M T = span{(T*A:, Ah)e a : h,k GH;a G F+}. 
First notice that Mr is the smallest M such that K takes values in M ® T 2 , and 
then notice that Mr is invariant under , . . . , S*. 

4. W(Bi, ■ ■ ■ ,B n ) and F°° / J-functional calculus for row contractions 

In this section J will be a w*-closed, 2-sided ideal of F°° . Recall that Mj is 
the orthogonal complement of the image of J in T 2 and that B k = Pj^f, S k |aG for 
k = 1, . . . , n. We define W{B\ , . . . , B n ) to be w*-closure of of the algebra generated 
by the B k 's and the identity. 

We will prove that F°° / J is canonically isomorphic to W(£?i, . . . , B n ). We will 
describe the commutant of W(£?i, . . . , B n ) and will show that W(Bi, . . . , B n ) is 
the double commutant of {_B 1; . . . , B n }. We will show that W(Bi, . . . , B n ) has 
the Ai(l) property and hence the w* and WOT topologies agree on this algebra. 
Finally, we will develop a F°° / J-functional calculus for row contractions. 

A direct consequence of Proposition 1.2 and Corollary 2.10 is the following. 

Theorem 4.1. The map * : F°°/J -> B{Mj) defined by 

*(<p + j) = PjsMS 1 ,...,s n )\x J 

is a completely isometric isomorphism onto Pj^ J F°°\j^ J , and a homeomorphism 
relative to the w* - topology on F°° / J and the WOT-topology on Pj^jF°°\j^j . 

Proof. Since the fact that ^ is a completely isometric homomorphism was already 
proved in Corollary 2.10 (see also Section 5), we only have to prove that ^ is a 
w*-WOT homeomorphism. 

By Proposition 1.2, ipi + J — > i^ + Jin the w* topology iff for every £i, £2 G Mj, 
(<Pi 8)676} — * (<P® £i>£2)- This is clearly equivalent to PmjViWj — * PaTjPWj in 
the weak operator topology. ■ 
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Using again the noncommutative commutant lifting theorem [Po3] , we can prove 
the following. 

Proposition 4.2. The algebra PjVjF°°\jVj is the WOT-closed algebra generated 
by Pj\TjSi\j^j, i = 1, ... ,n, and the identity. Moreover, we have 

(4.1) PMjF^Wj = {PAr J U*F™UW J Y = {P^F^}". 

Proof. We first show that Pj^, F°° \_\f T is weakly closed. Notice that A/j is an invari- 
ant subspace of U*S*U for each i = 1, . . . ,n, and [Pj^j S\ , . . . , PmjSuWA is a 
Co-contraction with the minimal isometric dilation [U*SiU, . . . ,U*S n U]. Accord- 
ing to the commutant lifting theorem, X G {PMjU* SiU\^, : i = 1, . . . , n}' if and 
only if X = PtfjYfrj for some Y G {VStf, U*S n U}'. Using [Po7], we get 
Y = f(Su . . . , S n ), f e J 700 - Now, it is clear that P Mj F°°\ Uj = {P Mj U* F°°U\mjY 
and, hence, PnjF 00 ^, is a WOT-closed algebra. 

Since the polynomials in Si,...,S n are WOT-dense in it is clear that 

PjVjF°°\aTj is the WOT-closed algebra generated by Pj^jS^j*/,, i = 1, . . . , n, and 
the identity. The second equality in (4.1) follows in a similar manner. ■ 

Proposition 4.3. The algebra W(Bi, . . . ,B n ) has property Ai(l). Moreover, 
W(B 1 ,...,B n ) = P^ J F°°\ Xj . 

Proof. Let / e W(B U £„)* satisfy ||/|| = 1. Since 

W(B U B n % ee c 1 (AO)/ ± W(S 1 , . . . , B n ), 

for each e > 0, find g G Ci(A/j) satisfying ||g|| < 1 + e and / = g + ± W(Bi, . . . ,B n ). 
Let ij^fj : Afj — > T 2 be the inclussion and notice that (%)* = Pu,. It is easy to 
check that ij^, o g o Pj^-j G J C ci(T 2 ). Then, by Proposition 1.2, there exists 
<p,ip G AO satisfying IMI2IMI2 < (l + e)||ff|| < (1 + e) 2 such that, for every r, G 
( % ° 9 ° Ptfj > v) = { r l® L Pi-, L P2)- Now, for each noncommutative polynomial p G V, 
we have 

(f,p(B 1 ,...,B n )) = (g,p(B 1 ,...,B n )) = {g,P Kj p(S 1 ,...,S n )\ Mj ) 
= (% 5 ^V.,,p(S'i,---,5'n)) = (p®¥>,i>) 
= (piSi^.^S^ip^jsfjip) = (PmjP(Si, . . . , S n )\jvjtp,ip) 
= (p{B 1 , . . . ,B n )(p,ip). 

Since / is w*-continuous, we prove the Ai(l) property. The last part of the theorem 
follows from Proposition 4.2. ■ 
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Let J be the w*-closed, 2-sided ideal of F°° generated by S2, S3, . . . , S n . It is 
easy to see that Mj is the closed span of ef k for k > 0, and that B 2 = ■ ■ ■ = B n = 0. 
Hence, W{B±, . . . , B n ) = W(-Bi), where B x ef k = e k+1 . Since B x is a unilateral 
shift of multiplicity one, we use Proposition 4.3 to give an alternative proof of the 
well known fact that W(B\) has property Ai(l). Moreover, it is also known (see 
[BFP, Theorem 4.16]) that W(i?i) does not even satisfy property A 2 . In that sense, 
Proposition 4.3 is best possible. 

Let us recall from [Pol] that a contraction [Ti,...,T„] is called completely 
non-coisometric (c.n.c.) if there is no h eW, h ^ such that 

£ \\T}hf = \\hf : for any fee {1,2,...}. 

\a\=k 

Let T — [Ti, . . . , T n ] be a c.n.c. contraction and let 

* T : F°° - B(H), * T (/)=/(T 1 ,...,T„), 

be the i^°°-functional calculus associated to T. In this section, we prove that if 
J is a WOT-closcd, 2-sidcd ideal of F°° with J C Kcr* T , then there is a WOT- 
continuous, F°° / J-functional calculus associated to T. 

Lemma 4.4. Let B = [Bi, . . . ,B n ] and let be the F 00 -functional calculus 
associated to it. Then 

W(B 1 , ...,B n ) = * B (F°°) - {/(£?!, ...,B n ): f E F°°}. 

Proof. According to Proposition 4.3, it is enough to prove that 
(4.2) f{B u ...,B n ) = PxJiSu . . . ,S„)k, 

for any / G T°° . Since Bi — PMjSi\Mj, (4.2) holds for polynomials, and conse- 
quently for elements in the noncommutative disc algebra A n - Since B = [B\ , . . . , B n ] 
is a Co-contraction, according to the i^-functional calculus, we have 

f(Bt, ...,B n ): = SOT- lim f r {B u ...,B n ) 

r—*l 

= SOT- lim P Hj f r {S u . . . , S n )\ Mj = P Nj f{S u S n )Wj 
1 — >i 

for any / G F°° . ■ 
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Theorem 4.5. Let T = [Ti, . . . , T n ] be a c.n.c. contraction and let 

* T : F°° - B(W), * T (/) = /(T 1 ,...,T n ) ) 

6e </ie F°° -functional calculus associated to T. If J is a WOT-closed, 2-sided ideal 
of F°° with J C Ker^T, then the map 

(4.3) * TiJ : W(B U . . . B n ) - B(Tt); *r,j(/(Bi, . . . , S„)) := /(Ti, . . . , T„), 

is a WOT -continuous, completely contractive homomorphism. In particular, for 
any f G F°° , 

||/(Ti,...,T„)|| < 11/(5!,..., s n )|| = dist(/,j). 

Proof. We prove first that *t,j is WOT- continuous. Let fi, f G .T 700 with 

WOT- lim /;(£?!, ...,B n ) = /(Si, . . . , S„). 

According to Lemma 4.4, we infer that WOT-limj -P/Vj/ilvVj = PtfjfWj- Applying 
Proposition 4.1, we infer that 

(4.4) w*-\im(fi + J) = f + J. 

For each h,k e H, define $(/) := (* T (/)/i, fc). Since * T is WOT-continuous, $ is 
WOT-continuous, and hence w*-continuous. On the other hand, $?(J) = 0, so that 
$ G -"-J. Since (4.4) holds, we deduce that lim,<I>(/i) = $(/), which is equivalent 
to 

lim(/,(T 1 , . . . , T n )h, k) = (/(Ti, T n )h, k) 

for any h,k eH. 

According to the von Neumann inequality [Po5], for any tp G J G Ker^r, we 
have 

||/(Ti,...,T n ) || = ||(/ + v>)(Ti,...,T„)|| < II/ + VIU. 

Using Theorem 4.1, we infer that 

H/CTi, . . . ,T n )\\ < dist(/, J) = HPag/Ug II 
= ||/(Si,...,B„)||. 

In a similar manner, one can prove that &t,j is a completely contractive homo- 
morphism. This completes the proof. ■ 

The following F^-extension is related to Example 3.3. 
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Corollary 4.6. Let T = [Ti, . . . ,T n ] be a c.n.c. contraction satisfying the following 
commutation relations 

TjTi = XjiTiTj for every 1 < i < j < n, 

where Ay e C for 1 < i < j < n. If J is the WOT-closed, 2-sided ideal generated 
by {ej <S> ei — \jiei <£> : 1 < i < j < n} in T°° , then there is a WOT -continuous 
functional calculus given by (4.3). 

5. Representations of Quotients of Dual Algebras 

Recall that an operator algebra is a closed subalgebra of B{TL) and that a dual 
algebra is a unital w*-closed subalgebra of B(H). In the late 60's, Cole (see [BD, 
pages 270-273]) proved that quotients of uniform algebras are operator algebras. 
Shortly after, Lummer and Bernard proved that quotients of operator algebras 
are isometrically isomorphic to operator algebras. In [Pi, Chapter 4] Pisier noted 
that these methods also show that quotients of operator algebras are completely 
isometrically isomorphic to operator algebras. In this Section we will follow these 
ideas closely to obtain simple representations of quotients of dual algebras. As an 
application, we give an alternative proof of Corollary 2.10 that does not depend on 
the commutant lifting theorem of [Po6]. 

Proposition 5.1. Let A be a unital, w* -closed subalgebra of the bounded operators 
on a separable Hilbert space Ti. such that for each k > 1, M k (A) has property 
Ai(l), and let J be a w* -closed, 2-sided ideal of A. Then there exists a subspace 
£ C i 2 ®U such that the map $ : A/ J -> B(£) defined by $(a + J) = Ps{Ii 2 ®a)\ £ 
is a completely isometric representation. 

Proof. Let x £ Mk{A)/Mk(J), \\x\\ = 1. We claim that for every e > 0, there exists 
a subspace E C i\(^H) such that the map 

(5.1) V x : A/J -» B{E) defined by ^ x {a + J) = P E (I Mk ® a)\ E 

is a completely contractive homomorphism which satisfies ||(/M fc <8 )V I / a;)(^)|| > 1 — e- 
If we take direct sums (B x ,e>o^x, where x runs over the unit ball of Mk(A)/Mk(J), 
k > 1, and e > 0, we get a completely isometric embedding of A/J. It will be 
clear from the construction that it is enough to take countably maps \I> X , so the 
proposition follows. 

Let e > and write x = y + M k (J), where y = (y i3 ) G M k (A). Find / G 
(M k (A)/M k (J))* - M k (J)^, ll/H = 1, such that (x,f) = 1. Since (^(J))** - 
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M k {J)^, we can find g G ± M k (J), \\g\\ < 1, such that - < e. 

Then > 1 - e. Since M fe (A) has the Ai(l) property, find ip,ip G ^j(W), 

1Mb = [IV'lb = 1 such that for each jj G M fe (A), (5,7?) = (r](p,ip). 

Let Si = span-fap : rj G M fc (A)} C l\(H), E 2 = span{^ : £ £ M fc (J)} C 
.El, and E — E\ © E 2 . Since E\ and _E 2 are invariant under M k (A), the map 
<£>£ : Mfe(j4) — > B^CH)), defined by ^e(ii) = P E v\e, is a completely contractive 
homomorphism that vanishes on M k (J). Hence, the map \I/ X (a + J) = §E{lM k ®a) 
of (5.1) is a well defined completely contractive representation. 

Since ip G E\, i[> G i?^, and E 1 ^ is invariant under the adjoints of M k (A), it is 
easy to check that (g,y) = (y<p,ip) = (yP E (f), Pe($))- Hence, 

\{*e{v)Pe<p,PeiI>)\ = \(g,y)\>l-e. 

For each i,j < k, let E^ — Q E (eij © 1a)- The Ejj's are matrix units on E, 
which decompose E = Hi © H2 © • • • © Tin- -E^ is the orthogonal projection onto 
7ii and E^ is a partial isometry from Tlj onto 7ii. Note that Eij commutes with the 
range of £^ = E li E ll E lj E jj , and $ B (e y - © j/y) = $E((ejj © 1a){Im„ ®Vij)) = 
^s(e»j © 1^)$ E (/M fc = Ea^xiVij + -0- Let ^ = EjjP E (p and V, = E u P E ip. 

Then 

($E(y)PEV,PEil>) - 51 ( $ s(ey ®yij)P E ^,PEip) 
= ^2{E i0 ^ x {x i0 )P E ip,P E ^) 

i,j<k 

= ((/m, ®**)(a;)ft$), 

where p = (Eim, . . . , E lk ip k ) G ^(E), r/S = {E n ipi, ■ ■ ■ , E lk i> k ) G 4(E). Since 

IMI2 = £,•<* P^Vjlll < Ej<fc IIVjIII = ll P -EVlli < 1. and > similarly, ||^|| 2 < 1, we 
get 

||(I fc <8>* x )(a;)|| > \((I k ®* x )(x)<p,1>)\ = \(^ E (y)P E ip,P E iP)\ > 1 - e, 

which proves the claim. Finally, notice that the map ^ x was determined by 
g G - L Affe(J) G (Mfc(A))*. Since (M fe (A)) st is separable for each k > 1, it is 
enough to take only countably many maps. ■ 

The proof of the next corollary follows easily from the proof of Proposition 5.1. 
Notice that property Ai(l) can be used to give more explicit representations of 
quotient algebras than those appearing in Theorem 3.2 of [CW] and Theorem 0.3 
of [Mc]. 
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Corollary 5.2. Let A be a unital, w* -closed subalgebra of B{TL) with the Ai(l) 
property and let J C A be a w* -closed 2-sided ideal. Then for every T G A, 



where E v = span{a</? : a <E A} span{6<p : b e J} C TL. 

Moreover, it is well known that if A C B(H) is a unital w*-closed subalgebra of 
B(TL), the ampliation A^ = {I t2 ® a : a G A} C B(£ 2 ® H) is a unital w*-closed 
subalgebra of 5(£ 2 ® H) with the Ai(l) property (see e.g., [Az, Section 2]). Since 
M fc (A(°°)) = (M fc (A)) (oo) , it follows that M^ 00 )) has the A^l) property for 
every k > 1. 

Applying Proposition 5.1 to A' 00 ) and noticing that 7f 2 ® A^ 00 ) is canonically 
isomorphic to Ig 2 ® A, we obtain the following. 

Corollary 5.3. Let A C B(7i) be a unital, w* -closed subalgebra of B{TL) and let 
J d A be a w* -closed 2-sided ideal. Then there exists a subspace £ C £2 <8> 7i s«c/i 
that the map ^ : Aj J — ► 5(5 ) defined by ^(a + J) = Ps{Li 2 ® a)\g is a completely 
isometric representation. 

An alternative proof for Corollary 2.10, i.e., $ : F°° / J — > Pj^-jF 00 ^, defined by 
^(/) = PfifjfWj is a completely isometric representation, can be obtained using 
Theorem 3.7 and Corollary 5.3 as follows. 

Alternative Proof of Corollary 2.10. From Corollary 5.3 (or from Proposition 5.1 if 
we use that F°° has property A^ (1)) there exists a subspace £ C £2 ® such that 
the map ^ : F°° / J — > £>(£), defined by = ffc^ls, is a completely isometric 

homomorphism. Let ip G £ and notice that {Ie 2 ® S 1 ^ : j < n} satisfies (2.1). Then 



\Ms a + jy<p\\ 2 2 = ]T \\PeVt,®s*)<p\\l< \\Vt,®s* a )<p\\l^o. 



Notice that for each <p G J, ^(*(5 X + J), . . . , *(5„ + J)) = *(^ + J) = 0. Then, 
from Theorem 3.7, there exists a unital, completely contractive, u;*-continuous map 
$x : B(J\fj) 5(5) satisfying 3>k(B q ) = $(S Q + J) for every a G F+ Recall that 
B a = <&{S a + J). Hence, for each a G F+, $(5 Q + J) = <$> K ° + J). Using the 
ui*-continuity of the three maps, we obtaing the following commutative diagram 




a\ — k 



a\ — k 



This shows that [$(5i + J), . . . , $(5„ + J)] is C -contractive. 



F°°/J 



5(5) 



5(A0) 
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Since $k and <& are completely contractive, and since * is completely isometric, 
we conclude that $ is completely isometric. ■ 

Corollary 2.10 and the following simple lemma can be used to derive Theorem 
2.4. Thus, we can prove this result without using the commutant lifting theorem of 
[Po3]. Notice that, using a standard w*-continuity argument, we can assume that 
the Wf's of Theorem 2.4 arc N x N matrices. We leave the details to the reader. 

Lemma 5.4. Let Xj = (Xji, . ■ . , Xj n ) € B„, j = 1, . . . , k, be k different points in 
B„. For each i n G {1, ...,fc} there exists ip io G F°° such that ip io (Xi ) = 1 and 
fio(^j) — whenever i ^ j. Consequently, given W\, . . . , Wk G Mn, there exists 
if G M N (F°°) such that ip(Xj) = Wj for every j = 1, . . . , k. 

Proof. Fix i G {1, . . . , k}. For each j ^ i find q G {1, . . . , n} such that Xi oq ^ Xj q 
and define 6j = S q — Xj q I. Then Oj(Xi ) = X ioq — Xj q ^ and 0j(Xj) = 0. 
Let ip — ®j^i a 9j. Then ip(X ia ) ^ and 4>(Xj) = whenever j ^ i . Define 

= vTO^' If Wu ■ ■ ■ ' Wk £ Mn > thcn ^ = Wi Vi € M n(F°°) satisfies 

^(Ai) = Wi for i < fc. ■ 
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